Abstract. A reduction of the transmission eigenvalue problem for multiplicative sign-definite perturbations of elliptic operators with constant coefficients to an eigenvalue problem for a non-selfadjoint compact operator is given. Sufficient conditions for the existence of transmission eigenvalues and completeness of generalized eigenstates for the transmission eigenvalue problem are derived. In the trace class case, the generic existence of transmission eigenvalues is established.
Introduction
Let P 0 (D) be an elliptic partial differential operator on R n , n ≥ 2, of order m ≥ 2 with constant real coefficients,
α , a α ∈ R, D j = −i ∂ ∂x j , j = 1, . . . , n.
Let Ω ⊂ R n be a bounded domain with a C ∞ -boundary and assume that V ∈ C ∞ (Ω, R) with V > 0 in Ω. The interior transmission problem associated to P 0 and V is the following degenerate boundary value problem, In the recent paper [13] , we have studied the interior transmission problem and transmission eigenvalues for multiplicative sign-definite perturbations of linear partial differential operators with constant real coefficients. Sufficient conditions for the discreteness of the set of transmission eigenvalues and for the existence of real transmission eigenvalues were obtained. In particular, in the elliptic case, the set of transmission eigenvalues is discrete and in [13] , the existence of real transmission eigenvalues was obtained for certain elliptic operators such as the biharmonic operator and the Dirac system in R 3 .
The purpose of the present note is to point out an approach to the study of the transmission eigenvalues in the elliptic case, based on a reduction to the eigenvalue problem for a compact non-selfadjoint operator. By an application of Lidskii's theorem, we obtain sufficient conditions for the existence of (possibly complex) transmission eigenvalues, and the completeness of the set of the generalized eigenvectors, as well as demonstrate the generic existence of transmission eigenvalues. Let us mention explicitly that in this approach, we were directly inspired by the recent works [1, 6, 12, 20] , where similar ideas in dealing with quadratic eigenvalue problems have been used to study hypoelliptic partial differential operators which are not analytic hypoelliptic.
The significance of transmission eigenvalues and of the interior transmission eigenvalue problem (1.1) comes from inverse scattering theory, and originally, this problem was introduced in [9] in this context. The real transmission eigenvalues can be characterized as those values for which the scattering amplitude is not injective, see [10, 13] . Furthermore, in reconstruction algorithms of inverse scattering theory [2, 7, 16] , transmission eigenvalues correspond to frequencies that one needs to avoid in the reconstruction procedure.
Recently there has been a large number of works devoted to the interior transmission eigenvalue problem [3, 4, 5, 8, 15, 18] , with the major part being concerned with the case P 0 = −∆. The existing results establish the discreteness of the set of transmission eigenvalues, [8] , and give sufficient conditions for the existence of an infinite set of real transmission eigenvalues, [5, 18] . We would particularly like to mention the recent paper [3] , where the existence of complex transmission eigenvalues was shown, assuming that the perturbation V in (1.1) is constant and sufficiently small.
In this note, we have chosen to base our presentation on the generalized acoustic wave equation (P 0 − λ(1 + V ))u = 0. Under the assumption that the full symbol of P 0 is non-negative, all the results could equally well have been derived for the following interior transmission problem associated to the Schrödinger equation
The structure of this note is as follows. In Section 2 we reduce the interior transmission problem to an eigenvalue problem for a compact non-selfadjoint operator in a suitable Schatten class. As a consequence of this reduction, in Section 3, we derive sufficient conditions for the existence of transmission eigenvalues and completeness of the generalized eigenstates. Finally, in Section 4, we show the generic existence of transmission eigenvalues in the trace class case.
2.
Reduction to an eigenvalue problem for a non-selfadjoint compact operator
From [13] , let us recall the following characterization of transmission eigenvalues.
Proposition 2.1. Assume that V ∈ C ∞ (Ω, R) with V > 0 in Ω. A complex number λ = 0 is a transmission eigenvalue if and only if there exists 0 = u ∈ H m 0 (Ω) satisfying
The question of deciding whether 0 = λ ∈ C is a transmission eigenvalue is therefore equivalent to finding a non-trivial solution u ∈ H m 0 (Ω) of the following quadratic eigenvalue problem
where
Consider the following factorization
In [13] it was proved that the operator A, equipped with the domain
(Ω) with a discrete spectrum. Here the regularity assumption on V can be relaxed to V ∈ C N (Ω), with N being large enough but finite.
Proposition 2.2.
(i) The operator A is positive, and
We refer to [21] for the definition and properties of the Schatten class operators.
Here the last inequality follows from the estimate [14, Theorem 10.3.7]
We know from [13] that the form domain of the positive self-adjoint operator A is H m 0 (Ω) and thus,
The claim follows from the fact that the inclusion map
is in the Schatten class C p for p > n/m. The latter can be concluded from the fact that the operator (1
, where T n is the n-dimensional torus. This concludes the proof of the proposition, as (ii) is clear.
Notice that 0 = λ ∈ C is an eigenvalue of the quadratic eigenvalue problem T λ u = 0 with an eigenstate u ∈ H m 0 (Ω) if and only if λ is an eigenvalue of the quadratic eigenvalue problem
is Fredholm of index 0, invertible at λ = 0. Thus, by the analytic Fredholm theory,
is a meromorphic family of operators, with residues of finite rank.
Following [20] , consider the closed operator
acting in the Hilbert space
equipped with the domain
The spectrum of A is discrete, and as
it follows that 0 = λ ∈ C is a transmission eigenvalue if and only if λ is an eigenvalue of the operator A. The latter is equivalent to the fact that 1/λ is an eigenvalue of the operator
Given Proposition 2.2, it follows from [20] that A −1 is in the Schatten class C p on K, for p > n/m.
It will be more convenient to work in the Hilbert space
To this end, we introduce the operator
and set
2).
Remark 2.1. It was shown in [8, 10, 13] that the set of transmission eigenvalues is discrete. The proof relied upon the analytic Fredholm theory. Our reduction of the transmission eigenvalue problem to the eigenvalue problem for the compact operator D gives another proof of the discreteness of the set of transmission eigenvalues in the elliptic case.
Existence of transmission eigenvalues and completeness of transmission eigenstates
In this section, we continue to work under the assumptions made in the beginning of the paper, namely that
In the previous section, we have reduced the transmission eigenvalue problem to a spectral problem for the operator D ∈ C p , p > n/m. Recall from [21] that this implies that D p is of trace class, provided that p ∈ N.
The following result is our main criterion for the existence of transmission eigenvalues. It is based on an application of Lidskii's theorem, which we recall for the convenience of the reader, see e.g. [11] : let A be a trace class operator. Then Remark 3.2. In the case when m > n/2, the operator D is of Hilbert-Schmidt class and
The question of completeness of the eigenstates for the transmission eigenvalue problem for the Helmholtz equation has been posed in [5] . To the best of our knowledge, this issue remains unresolved in general. We shall now give a sufficient condition for completeness.
Following [20] and [17] , we define the generalized eigenspace E λ 0 for the transmission eigenvalue λ 0 ∈ C as the closed linear space spanned by the vectors (u j )
Here we set u −1 = 0.
Proposition 3.2. Assume that the set
lies in a closed angle with vertex at zero and opening π/p, p > n/m. Then the
Proof. It follows from [20] and Proposition 2.3 that to show that the space
, it suffices to verify that the space of general-
. The latter can be obtained by an application of [11, Theorem 3.1, Chapter X.3], which states that if the set
lies in a closed angle with vertex at zero and opening π/p, then the system of generalized eigenvectors of D is complete. The claim follows.
Remark 3.3. In the case when m > n and the operator
, it follows from Proposition 3.2 that the space λ∈C E λ is complete in L 2 (Ω). In particular, if V = const > 0 in Ω and P 0 (ξ) ≥ 0, ξ ∈ R n , an application of Proposition 3.2 shows that there exist infinitely many transmission eigenvalues and the corresponding generalized transmission eigenstates form a complete system in L 2 (Ω). Notice that when P 0 = ∆ 2 on R 3 , the existence of infinitely many real transmission eigenvalues has been established in [13] . The completeness of the generalized transmission eigenstates in the case of a constant potential for this operator seems to be a new observation. 
be an eigenvector of A corresponding to λ, i.e.
This is equivalent to the fact that
is an eigenvector of A. The latter is equivalent to the fact that
Continuing in the same fashion, for j = 2, 3, . . . , we have
is equivalent to
This shows that the first components of the generalized eigenvectors of A, corresponding to the eigenvalue λ, are given by the generalized transmission eigenstates, corresponding to the transmission eigenvalue λ, and vice versa.
Generic existence of transmission eigenvalues in the trace class case
In this section, we let P 0 = P 0 (D) be a formally selfadjoint elliptic operator with constant coefficients of order m, with m > n, V ∈ C N (Ω) where N is large enough fixed, and ∂Ω ∈ C ∞ . Let us introduce the following open connected subset of the real Banach space C N (Ω, R),
When V ∈ E, we shall be concerned with the quantity tr(D) = tr( B A −1 ). In order to indicate the dependence of the operators A and B on the potential, we shall write
Using the cyclicity property of the trace, we have 
When treating the first term in the right hand side of (4.1), we have
Thus,
and hence, both expressions tend to zero as j → ∞, provided that N ≥ m. When considering the second term in the right hand side of (4.1), we write, using the resolvent identity,
The trace class norm of the above expression is easily seen to vanish as j → ∞. If follows that the set F is open.
Let us now show that the set F is dense in E. Let V 0 ∈ E be fixed. Then there exists a complex neighborhood U ⊂ C N (Ω, C) of V 0 such that the map
is well-defined on U. This follows from the fact that the operator
is bijective for V ∈ U, since the operator norm of
is small.
We claim that the map (4.2) is analytic. Since the arguments above show that the map (4.2) is continuous, it therefore suffices to check the weak analyticity, [19] . To this end let q 1 = 1/V 1 , V 1 ∈ U, and q 2 be arbitrary, and consider the function z → tr(B q 1 +zq 2 A −1 q 1 +zq 2 ) (4.3) for z near 0 ∈ C. We have the convergent power series expansion
q 1 is of trace class, the operator B q 1 +zq 2 A −1 q 1 +zq 2 is given by a power series in z which converges in the trace class norm. Thus, it follows that the map (4.3) is holomorphic near 0 ∈ C.
We therefore conclude that the map V → tr(B q A −1 q ) is real-analytic on E. We furthermore know from Remark 3.3 that it does not vanish identically, for it is positive at V = 1. Since E is connected, given V 0 ∈ E it follows that for any neighborhood of V 0 there are points V for which tr(B q A Proof. Recall that 0 = λ ∈ C is a transmission eigenvalue if and only if 1/λ is an eigenvalue of the operator D given by (2.2). The latter is equivalent to the fact that the operator
is not invertible. Here Here we have used that |f (λ)| ≤ e C|λ| 2 with some constant C and |λ| ≥ 1.
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